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� 1 ı �œ

Ê{åví�d [4] 2, uJTôJ(íA�ƒbÑ!�, ‚à Galerkin j¶

VTÜø& Helmholtz j˙ u′′ + k2u = −f í��ä³D”¾ä³� Í(

‚à~š�²TÜ	d}jD¯Aíj¶, ¨|ø }jä³ W , ø��ä³

D”¾ä³±bµ(, ª×)±Qä³‘KbDl�¾íß4”� OuÑ7ü\

Helmholtz j˙jíñø4¸æÊ, ¦�øä³í|(s�²,ü\ñøjí

×à‘K, ¨A�²,íŠV� ÓO�²ŸbíÓ‹, .c‘Kb}IÓ, l�¾

6Ó‹7bI�

Ñ7)ƒ—D¡Níj, ç k MB×, BbÛbíä³&� N 6ÿB×� Ê

�d [4] 2, ÓO~š�²íøµµ}jÖª±Q‘Kb, OuÊl�,YÍU

àòQ¥ä³«�� à¤øV, Ê¥ä³«�íòg¾ ¶¬˙2, ª?øŸV™

Nä³/Å, ¨A˛È,íŠV�

BbêÛ, J²àúiØƒb (hat function) Ñ!�ƒb, F¨|Ví��

ä³D”¾ä³éNkJTô(íA�ƒbÑ!�F¨|íä³� Ä¤, Bbÿ

òQJúiØƒb (hat function) Ñ!�, ı�ÊTÜ Helmholtz j˙,, E

�±Qä³‘KbDl�¾í4”� °vBb6Uà.°íGH¶°j, fnò

Q«�×&�ä³vÊl�¾D˛È,íŠV�
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� 2 ı ø& Helmholtz j˙

¥øıBb‚àf$í�ÌjÖ¶, J}Òø¼!�ƒbø Helmholtz j˙�

‰Ñ(4:j˙� Au = b, Í(n�w‘KbDwæ���íÉ[� 1/�

âRû��ä³D”¾ä³íÔ�M¸Ô�²¾, j„ä³‘KbíÓÅÕ”�

|(n�ÓOæ���Ó‹, bMjV¡öj‡íÏÏËÓÛï�

2.1 Galerkin j¶

5?ø&í Helmholtz j˙, ²¦U‚“íiä‘K, ‚àf$í Galerkin j

¶, ø�}j˙“Ñÿj��, �‰Ñ(4:j˙��

5?ø&í Helmholtz j˙, #ì Ω = (0, 1)

u′′ + k2u(x) = −f(x), x ∈ Ω (2.1)

u(x) u 1 U‚ƒb

Bbøø&í–È Ω = [0, 1] à N + 1 _õ�}A N M,

Xh = {xj =
j

N
| j = 0, 1, ..., N} ⊂ [0, 1]

©ø�Mí � h = 1
N

, xj ˚Ñ�õ� I!�ƒb φi ∈ H1(Ω), i = 0, 1, ..., N

uÊ [0,1] –Èq¼bük�k p íÖá�, † Sp
h(Ω) = span{φ0, φ1, φ2, ..., φN} ⊂

H1(Ω) ˚Ñ�Ìj˛È� I

V p
h := {v ∈ Sp

h(Ω) | v(x)¯¯U‚“íiä‘K}

2



ì2Ê V p
h ,íƒb˚Ñæ�ƒb (mesh function)�7¤v, ÄÑU‚4íÉ

[, φ0 D φN s_!�ƒbí®ó©, BbeÑ°ø_ƒb, Ä¤!�ƒbÑ

{φ0, φ1, φ2, · · · , φN−1}�

à‹5?æ�˛È V p
h , † (2.1) ªJ¸J-ÅH�g: ° u ∈ V p

h U)

B(u, v) =

∫ 1

0

(u′(x)v̄′(x)− k2u(x)v̄(x))dx = F (v),

F (v) =

∫ 1

0

f(x)v̄(x)dx, ∀v ∈ V p
h , v(0) = v(1)

(2.2)

ÛÊ, BbJ V 1
h = Vh ø¼æ�˛ÈÑ!�˛È, ì2w!�ƒb

φi(xj) =





1 if i = j

0 if i 6= j
i, j = 0, ..., N − 1

úk uh ∈ Vh ¹� ui, U)

uh =
∑

uiφi, i = 0, 1, 2, ..., N − 1 (2.3)

†BbªJz (2.2) ZŸA: ° uh ∈ Vh U)

∫ 1

0

(u′hv̄
′
h − k2uhv̄h) dx =

∫ 1

0

fv̄h dx, ∀vh ∈ Vh

ÄÑ dimVh = N , FJ,�¢�gk

∫ 1

0

(u′hφ̄
′
i − k2uhφ̄i) dx =

∫ 1

0

fφ̄i dx, ∀i = 0, 1, ..., N − 1

ÛÊø (2.3) Hpª)

N−1∑

i=0

ui(

∫ 1

0

φ′iφ
′
j dx− k2

∫ 1

0

φiφj dx) =

∫ 1

0

fφj dx, ∀j = 0, 1, ..., N − 1

��ä³ (stiffness matrix) S íjÖ

Sij =

∫ 1

0

φ
′

iφ
′

j dx, 0 ≤ i, j ≤ N − 1

3



I”¾ä³ (mass matrix) M íjÖ

Mij =

∫ 1

0

φiφj dx, 0 ≤ i, j ≤ N − 1

Š-²¾ (load vector) b íjÖ

bj = −
∫ 1

0

fφj dx, 0 ≤ j ≤ N − 1

¹ªøj˙��‰Ñä³Í$

A = (−S + k2M)

Au = b (2.4)

w2 u Ñ ui  Aí„ø²¾, A uø_ N ×N íä³

A =




2S(k) T (k) 0 · · · 0 T (k)

T (k) 2S(k) T (k) 0 · · · 0

0 . . .

... T (k) 2S(k) T (k)

0 . . .

T (k) 0 · · · 0 T (k) 2S(k)




w2, S(k) = − 1
h

+ 1
3hk

2; T (k) = 1
h

+ 1
6hk

2� ä³ A íjÖ A1,N D AN,1

uÄÑ!�U‚“F¨Aí�

Bb²¦

(P1) u′′(x) + k2u(x) = 0

u(x) u1U‚ƒb, k = 2nπ, n ∈ N, †j˙�í¦jÑ

u(x) = c1 cos(kx) + c2 sin(kx), c1, c2 ∈ C

4



‚à‡Hj�ø�}j˙“Ñä³��, ¬«áíŠ-²¾Ñ

b =




0

0

...

0




¤v, %¬ä³í«�(, cÉ?j| uh = 0 ¥_Ì�j (trivial solution),

Bbı�‹ø<Ì„‘K, U)ÝÌ�íj?éÛ|V�

²¦

(P2) u′′(x) + k2u(x) = 0, u(0) = u(1) = 1

u(x) u1U‚ƒb, k = 2nπ, n ∈ N, †j˙�í¦jÑ

u(x) = cos(kx) + b sin(kx), b ∈ C

°šË, Jø¼}ÒÖá�Ñ!�ƒb, ª¨|à (2.4) íä³Í$� OuÄÑÊ

(P2) 2Ë‹7U‚4íiä‘K u(0) = 1, 6ÿuU)

uh = 1 · φ0 +
∑

uiφi, i = 1, 2, ..., N − 1

¤v, „øb ui í_bÁýÑ N-1 _, Ä¤BbÌÛ (P1) ½æ2í N × N

ä³, 7ø‡H (2.4) ä³Í$2í A ä³ ¥�øWD�ø�, 1/øt í

bM^�¬«íŠ-²¾2, J\MŸVí(4É[�

7 (P2) j˙YÍ�‰Ñä³Í$

A2u = b

5



w2, A2 Ñ (N − 1)× (N − 1) íä³

A2 =




2S(k) T (k) 0 · · · 0 0

T (k) 2S(k) T (k) 0 · · · 0

0 . . .

... T (k) 2S(k) T (k)

0 . . .

0 0 · · · 0 T (k) 2S(k)




7¬«áíŠ-²¾†‰Ñ

b =




1
h

+ 1
6
hk2

0

...

0

1
h

+ 1
6hk

2




%¬ä³«�(, BbªJj|¡Nöj cos(kx) í�Ìjj�

J²¦

(P3) u′′(x) + k2u(x) = 0, u(0) = 1, u′(0) = 1

u(x) u1U‚ƒb, w2 k = 2nπ, n ∈ N, †j˙�íjÑ

u(x) = cos(kx) +
1

k
sin(kx)

"Î‡H¥	, 1/ÄÑ

u′(0) ≈ u(h)− u(−h)
2h

6



FJ

1 = u′(0) ≈ u(h)− u(−h)
2h

=
u1 − uN−1

2h

=⇒ uN−1 = u1 − 2h (2.5)

„øb ui í_bÁýÑ N-2 _, )ƒä³Í$

A3u = b

¤v, A3 Ñ (N − 2)× (N − 2) íä³

A3 =




2S(k) T (k) 0 · · · 0 0

T (k) 2S(k) T (k) 0 · · · 0

0 . . .

... T (k) 2S(k) T (k)

0 . . .

T (k) 0 · · · 0 T (k) 2S(k)




¬«áíŠ-²¾†‰Ñ

b =




1
h

+ 1
6
hk2

0

...

0

( 1
h

+ 1
6hk

2)(−2h)




%¬ä³«�(, BbªJj|¡Nöj cos(kx) + 1
k
sin(kx) í�Ìjj�

7



2.2 ‘Kb

Bb²Ï 2-norm í‘Kb (Condition Number) ì2:

ä³ A í‘Kb = ‖A‖2‖A−1‖2

�vÑ7l�,í0§jZ, BbUà-�ìÜVl�‘Kb: cq A Ñú˚£

ìä³, I

|λ|max = max{|λ| : λuä³ A íÔ�M}

D

|λ|min = min{|λ| : λuä³ A íÔ�M}

†ä³ A í‘KbÑ

|λ|max

|λ|min
(2.6)

Ê (P2) ½æ2, Bbl�ä³ A2 í‘Kb, õð!‹à-:

n 1 2 4 8 16 32

l 1
N

6 1
64 5.17e+05 3.23e+04 2.03e+03 1.30e+02 5.37e+01 2.32e+02

7 1
128 8.27e+06 5.17e+05 3.24e+04 2.03e+03 4.39e+02 3.32e+02

8 1
256

1.32e+08 8.27e+06 5.17e+05 3.24e+04 2.03e+03 4.39e+02

9 1
512 2.12e+09 1.32e+08 8.27e+06 5.17e+05 3.24e+04 2.03e+03

10 1
1024 3.39e+10 2.12e+09 1.32e+08 8.27e+06 5.17e+05 3.24e+04

11 1
2048 5.42e+11 3.39e+10 2.12e+09 1.32e+08 8.27e+06 5.17e+05

12 1
4096 8.67e+12 5.42e+11 3.39e+10 2.12e+09 1.32e+08 8.27e+06

Ñ7ÀUéý,[bWí‰“8$, Bbø©_‘KbÎJ N 4, !‹à-:

8



n 1 2 4 8 16 32

l 1
N

6 1
64 0.0308 0.0019 1.21e-04 7.74e-06 3.20e-06 1.38e-05

7 1
128 0.0308 0.0019 1.21e-04 7.57e-06 1.64e-06 1.24e-06

8 1
256 0.0308 0.0019 1.20e-04 7.53e-06 4.73e-07 1.02e-07

9 1
512 0.0308 0.0019 1.20e-04 7.52e-06 4.71e-07 2.98e-08

10 1
1024

0.0308 0.0019 1.20e-04 7.52e-06 4.70e-07 2.95e-08

11 1
2048

0.0308 0.0019 1.20e-04 7.52e-06 4.70e-07 2.94e-08

12 1
4096 0.0308 0.0019 1.20e-04 7.52e-06 4.70e-07 2.94e-08

âJ,õðéý, ú.° k Mí Helmholtz j˙, çæ�B~Büv, wä

³‘KbJ N4 í§�AÅ�

°šË, Ê (P3) ½æ2, l�ä³ A3 í‘Kb:

n 1 2 4 8 16 32

l 1
N

6 1
64 6.28e+03 1.53e+03 3.54e+02 1.08e+02 9.91e+01 3.64e+02

7 1
128 5.16e+04 1.27e+04 3.00e+03 6.22e+02 5.52e+02 3.64e+03

8 1
256 4.19e+05 1.04e+05 2.51e+04 5.55e+03 9.93e+02 1.05e+04

9 1
512

3.37e+06 8.40e+05 2.06e+05 4.81e+04 9.54e+03 1.66e+03

10 1
1024 2.71e+07 6.76e+06 1.67e+06 4.03e+05 8.83e+04 1.48e+04

ø‘KbÎJ N3, )ƒJ-!‹:
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n 1 2 4 8 16 32

l 1
N

6 1
64 0.024 0.0058 0.0014 4.12e-04 3.78e-04 1.40e-03

7 1
128 0.025 0.0061 0.0014 2.97e-04 2.63e-04 1.70e-03

8 1
256 0.025 0.0062 0.0015 3.31e-04 5.92e-05 6.26e-04

9 1
512 0.025 0.0063 0.0015 3.58e-04 7.11e-05 1.24e-05

10 1
1024

0.025 0.0063 0.0016 3.75e-04 8.22e-05 1.38e-05

éýú.°í k M, çæ�B~Büv, wä³‘KbJ N 3 í§�AÅ, Ou

A3 ÑÝú˚4ä³�

,Hs_õðíä³Í$Ñ

A = (−S + k2M)

w2 k MîÑ 2nπ, n ∈ N í$�� BbtOøä³ A2 2í k MHpÓ<í

cb, 1/l�w‘Kb, )ƒ-[:

k 1 2 3 4 5 32

l 1
N

6 1
64

1.85e+03 2.08e+03 2.38e+03 2.79e+03 3.36e+03 2.18e+03

7 1
128 7.39e+03 8.33e+03 9.54e+03 1.12e+04 1.35e+04 8.75e+03

8 1
256 2.96e+04 3.33e+04 3.82e+04 4.47e+04 5.38e+04 3.50e+04

9 1
512 1.18e+05 1.33e+05 1.53e+05 1.79e+05 2.15e+05 1.40e+05

10 1
1024 4.73e+05 5.33e+05 6.11e+05 7.15e+05 8.61e+05 5.61e+05

ø‘KbÎJ N2, )ƒ-[:

10



k 1 2 3 4 5 32

l 1
N

6 1
64 0.4508 0.5080 0.5820 0.6811 0.8208 0.5328

7 1
128 0.4509 0.5082 0.5822 0.6814 0.8213 0.5344

8 1
256 0.4510 0.5083 0.5823 0.6815 0.8214 0.5347

9 1
512 0.4510 0.5083 0.5823 0.6815 0.8214 0.5348

10 1
1024

0.4510 0.5083 0.5823 0.6815 0.8214 0.5349

â¤ªõ|, Ê (P2) 8”-íä³ A2, ç k = 2nπ, n ∈ N í$�v, ä³‘

KbJ N4 í§�AÅ; ç k 6= 2nπ í$�v, ä³‘KbJ N 2 í§�AÅ�

ÑBó.°$�í k M}¨A¥ší!‹á? BbøÊ-Þ��2ªø¥n��

2.3 ��ä³D”¾ä³íÔ�4”

Ñyªø¥«n (P2) 8”-íä³ A2 í4”, l}�Võ��ä³£”¾ä

³íÔ�MDÔ�²¾� BbêÛ��ä³D”¾ä³Ë�ó°íÔ�²¾, 7

��ä³D”¾ä³ú@°øÔ�²¾íÔ�M�øìíÉ[�

cq SN Ñ N ×N í��ä³

SN =
1

h




2 −1 0 · · · 0

−1 2 −1 0 · · · 0

0 . . .

... 0 −1 2 −1

0 · · · 0 −1 2
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l° h · SN 5Ô�Öá�

det




λ− 2 1 0 · · · 0

1 λ− 2 1 0 · · · 0

0 . . .

... 0 1 λ− 2 1

0 · · · 0 1 λ− 2




I x = λ− 2, BN(x) u N ×N ä³íÔ�Öá�

BN(x) = det




x 1 0 · · · 0

1 x 1 0 · · · 0

0 . . .

... 0 1 x 1

0 · · · 0 1 x




,�“�()ƒ

BN(x) = xBN−1(x)−BN−2(x), B0(x) = 1, B1(x) = x

âúit�

sin(nθ) = sin((n+ 1)θ − θ)

= sin((n+ 1)θ) cos θ − cos((n+ 1)θ) sin θ

)ƒ

cos((n+ 1)θ) sin θ = sin((n+ 1)θ) cos θ − sin(nθ)

12



Ä¤

sin((n+ 2)θ) = sin((n+ 1)θ + θ)

= sin((n+ 1)θ) cos θ + cos((n+ 1)θ) sin θ

= 2 cos θ sin((n+ 1)θ)− sin(nθ)

I BN(x) = sin((N + 1)θ) · g(x), / x = 2 cos θ, † θ = cos−1 x
2

B0(x) = 1, B0(x) = sin θ · g(x) = 1

=⇒ g(x) =
1

sin θ
θ ∈ (0, π)

=
1

sin(cos−1 x
2
)

Ä¤, Ô�Öá�

BN(x) =
sin((N + 1) cos−1 x

2)

sin(cos−1 x
2)

Q-V, Bb;bl�wÔ�M� çN ≥ 1 v, BN(x) = 0, 6ÿuz

sin((N + 1) cos−1(
x

2
)) = 0

=⇒ (N + 1) cos−1 x

2
= kπ, k ∈ Z

=⇒ x = 2 cos
kπ

N + 1
, k = N,N − 1, ..., 1

Ä¤, h · SN íÔ�Mu

λk = 2 + x

= 2 + 2 cos
kπ

N + 1
, k = N,N − 1, ..., 1

= 2− 2 cos
kπ

N + 1
, k = 1, 2, ..., N

= 2(1− cos
kπ

N + 1
)

= 4 sin2(
k

N + 1
· π
2
), k = 1, ..., N

13



Í(BbI wk,j = (wj) Ñ��ä³ú@Ô�M λk 5Ô�²¾, †

wj−1 + (λk − 2)wj + wj+1 = 0

¥ÿu™ÄíÏ}�� (difference equation) ��, à™Äíj¶: JBbI

wj = αxj, ,�ÿª�“Ñ

x2 + (λk − 2)x+ 1 = 0

=⇒ x =
(2− λ)±

√
(λ− 2)2 − 4

2

= 1− 2 sin2(
k

N + 1
· π
2
)±

√
16 sin4( k

N+1
· π

2
)− 16 sin2( k

N+1
· π

2
)

2

= 1− 2 ·
1− cos( k

N+1 · π)

2
± 2

√
sin2(

k

N + 1
· π
2
)[sin2(

k

N + 1
· π
2
)− 1]

= cos(
kπ

N + 1
)± i sin(

kπ

N + 1
)

= e
kπ

N+1
i or e−

kπ

N+1
i

)ƒ

wj = α(e
kπ

N+1
i)j + β(e−

kπ

N+1
i)j

¢Äw0 = 0, w0 = α + β = 0, FJ−α = β� Ä¤

wj = α(2i sin(
kπj

N + 1
))

α ªÑÝ0íL<�b, FJBbªJ¦ α = − i
2
, )ƒ

wj = sin(
kπj

N + 1
), j = 1, 2, ..., N

14



,!7k, N ×N í��ä³ SN íÔ�MÑ

λk(S) =
4

h
sin2(

k

N + 1
· π
2
), k = 1, 2, ..., N

7 λk Fú@íÔ�²¾Ñ

wk,j(S) = sin(
kπj

N + 1
), j = 1, 2, ..., N

yV, Bbõõ”¾ä³� °šË, MN Ñ N ×N í”¾ä³

MN =
h

6




4 1 0 · · · 0

1 4 1 0 · · · 0

0 . . .

... 0 1 4 1

0 · · · 0 1 4




°šl° 6
h
·MN 5Ô�Öá�

det




4− λ̃ 1 0 · · · 0

1 4− λ̃ 1 0 · · · 0

0 . . .

... 0 1 4− λ̃ 1

0 · · · 0 1 4− λ̃




I x = 4 − λ̃, )ƒíÔ�Öá�D‡Þ��ä³í8”êró°, Ä¤ªJ)

15



ƒ 6
h
MN íÔ�M

λ̃k = 4− x

= 4− 2 cos
kπ

N + 1
, k = N,N − 1, ..., 1

= 4 + 2 cos
kπ

N + 1
, k = 1, 2, ..., N

= 4 + 2(1− 2 sin2(
k

N + 1
· π
2
))

= 6− 4 sin2(
k

N + 1
· π
2
), k = 1, ..., N

¸��ä³øšíj¶, Bb6ªJl�|: ”¾ä³íÔ�²¾¸��ä³í

Ô�²¾uøší�

,!7k, N ×N í”¾ä³ MN íÔ�MÑ

λ̃k =
h

6
(6− 4 sin2(

k

N + 1
· π
2
)), k = 1, ..., N

7 λ̃k Fú@íÔ�²¾¸��ä³íó°:

wk,j = sin(
kπj

N + 1
), j = 1, 2, ..., N

°vBb6êÛ, ��ä³D”¾ä³ú@ó°Ô�²¾íÔ�M�-ÞíÉ[:

hλk +
6

h
λ̃k = 6 (2.7)

2.4 @àÔ�4”TÜ Helmholtz j˙íä³Í$

Ê Galerkin j¶2, Bbø Helmholtz j˙�‰Ñä³Í$

A = (−S + k2M)

Au = b (2.8)
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Ê (P2) ½æíÕ”-, �‰Ñä³Í$(ÄÑ ¥øWø�, Ä¤ä³ A ∈
R

(N−1)×(N−1)� ;W‡ø�íRÆ, ��ä³íÔ�MÑ

λ` =
4

h
sin2(

`π

2N
), ` = 1, 2, ..., N − 1

”¾ä³íÔ�MÑ

λ̃` =
h

6
(6− 4 sin2(

`π

2N
)), ` = 1, 2, ..., N − 1

ÛÊBbø−��ä³¸”¾ä³x�ó°íÔ�²¾, ¢êÛ

λ`

λ̃`

=
4

h
· 6

h
· ( sin2( `π

2N
)

6− 4 sin2( `π
2N

)
)

=
6

h2
· (2− 2 cos `π

N

4 + 2 cos `π
N

)

=
6

h2
· (1− cos `π

N

2 + cos `π
N

), ` = 1, 2, ..., N − 1

øjÞ, @à cos θ íœ �Ç�, )ø

cos
`π

N
= 1− 1

2
(
`π

N
)2 +O(

1

N4
)

FJ

λ`

λ̃`

=
6

h2
· (

1
2(

`π
N

)2 −O( 1
N4 )

3− 1
2(

`π
N

)2 + O( 1
N4 )

)

6ÿuz, ç ` ±ük N v

λ`

λ̃`

=
6

h2
· ((

1
2(

`π
N

)2

3
) + O(h4))

= (`π)2 + O(h2) (2.9)

17



ÇøjÞ, ç k2 = 6
h2 · (1−cos `π

N

2+cos `π

N

) / 1 ≤ ` ≤ N − 1 uø_cbv, ä³ A

ÿ}‰A singular � Ouç k2 = (`π)2 7 w` u��ä³¸”¾ä³u°íÔ

�²¾v, ÄÑ

‖ Aw` ‖ =‖ (−S + k2M)w` ‖

= O(h2)

ÿ}U)ä³ A uQ¡ singular� .�í', ÊBbí Helmholtz j˙õð½

æ2, k Mÿu π ícbI, 7U) −S+k2M Q¡ singular,¥u Helmholtz

j˙˚ØíVÄ�

âbMõð6ªJð„,H8”� J (P2) ½æÑW, Bb}�l���ä³

íÔ�M λ` D”¾ä³íÔ�M λ̃`, 1/üì λ` D λ̃` uú@ó°íÔ�²

¾, Í(I

v` =
1

π

√
λ`

λ̃`

QOl� v` íM, )ƒ[ 2.1 � hô[ 2.1 íl�!‹, ªc (2.9) �íR�:

ç ` ±ük N ív`, λ` D λ̃` íªM�˛u (`π)2 � ¥6[p7, Ê¤8”

-, J k2 = (`π)2, † (−S + k2M) uQ¡ singular íä³�

2.5 ‘KbíY¹

J (P2) 8”-íä³ A Ñõðúï, Bb‚à‡s�F)øí��ä³D”

¾ä³íÔ�4”, Vj„ä³ A ‘KbíAÅ§��

cq w` u��ä³¸”¾ä³u°íÔ�²¾, †

Aw` = (−S + k2M)w`

= (−λ` + k2λ̃`)w`

18



N 22 23 24 25 26

` = 1..3 ` = 1..7 ` = 1..15 ` = 1..31 ` = 1..63

1.0259 1.0064 1.0016 1.0004 1.0001

2.2053 2.0517 2.0129 2.0032 2.0008

3.5837 3.1749 3.0435 3.0109 3.0027

v` 4.4106 4.1034 4.0257 4.0064

5.7674 5.2024 5.0503 5.0126

7.1675 6.3499 6.0871 6.0217

8.3402 7.5543 7.1384 7.0345

8.8213 8.2069 8.0515

10.1512 9.2949 9.0734

11.5348 10.4048 10.1007

12.9462 11.5390 11.1341

14.3349 12.6998 12.1742
...

...
...

17.3913 35.1580 70.5064

[ 2.1:
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µóä³ A íÔ�Mÿu {−λ` + k2λ̃`|` = 1, ..., N − 1} � Bb‚à (2.6) V

Rûä³í‘Kb� cq µ` = −λ` + k2λ̃`, †

µ` = −4

h
· sin2(

`π

2N
) + k2h(1− 2

3
· sin2(

`π

2N
))

≈ −4

h
· (`

2π2

4N2
) + k2h(1− 2

3
· (`

2π2

4N2
))

= −(
1

N
+

k2

6N3
)π2`2 + k2h, ` = 1, 2, ..., N − 1

I

|µ|min = min{|µ`| : µ` uä³ A íÔ�M}

|µ|max = max{|µ`| : µ` uä³ A íÔ�M}

ªc

|µ|min = |µ1| = O(h) = O(
1

N
)

7/

|µ|max = |µN−1| = O(N) +O(h) = O(N)

Ouà‹ k2 = (`π)2 v,

µ` = −λ` + k2λ̃`

= λ̃` · (
−λ`

λ̃`

+ k2)

= λ̃` · (−(`π)2 +O(h2) + k2)

= λ̃` · O(h2)

FJ¤v

|µ|min = O(h) · O(h2) = O(
1

N3
)

7

|µ|max = O(N)
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6ÿuz, ç k = 2nπ v, ä³ A í‘Kbu

|µ`|max
|µ`|min

=
O(N)

O( 1
N3 )

= O(N4)

J k 6= 2nπ v, ä³ A í‘Kbu

|µ`|max
|µ`|min

=
O(N)

O( 1
N

)
= O(N2)

ð„75‡Ê� 2 �Fdíõð: úk.°í k M$�, ä³ A ‘KbíAÅ

Õ”u.°í�

2.6 ÏÏ,l

I ‖ · ‖2 H[ Ω = [0, 1] ,í L2-norm

‖u‖2 = (

∫ 1

0

|u|2dx) 1

2

J (P2) ½æÑõðúï, wbMj�¡ u(x) = cos(kx), k = 2nπ, n ∈ N ,

7cqw�ÌjjÑ uh(x)� BbJ1024_õMV·ú uh(x) ¸ u(x), Í(J

1024 õíG$bM	}¶V,lÏÏ ‖uh − u‖2 , )[ 2.2 � Ñéý[ 2.2 Ï

ÏíY¹8$, BbøÏÏÎJ h2, )[ 2.3 �

éý�Ìjjí L2 ÏÏuJ h2 í§�Y¹, ¥_!‹DF�°é�½æí

bM[Ûó°�

2.7 �ÌjjíËÓÛï

Ê[ 2.3 íbW2, BbêÛÏÏí L2-norm ,ul%¬ø_ˇÓ¼¨ (‹�

(T), Í(nJ O(h2) í§�Y¹� Q-V, BbtÇv|wŸÄ�

[ 2.4 éýD[ 2.3 óú@bW-íä³‘Kb (Î7 n=7 ¸ n=8 ÄÑ§

Ìk¹Ù7ôI7)� ÑyÀUéý[ 2.4 ‘KbíAÅÕ”, Bbø‘KbÎJ
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n 1 2 3 4 5 6 7 8

N ‖uh − u‖2

22 4 0.164 0.399 0.794 0.804 0.794 0.776 0.798 0.802

23 8 0.051 0.226 1.570 1.341 0.726 0.750 0.756 0.757

9 0.041 0.187 0.866 1.478 0.603 0.733 0.747 0.751

10 0.034 0.158 0.592 2.116 0.947 0.713 0.737 0.745

11 0.028 0.135 0.449 4.817 0.973 0.585 0.721 0.737

12 0.024 0.117 0.362 10.159 1.069 0.830 0.708 0.727

13 0.021 0.102 0.303 2.313 1.236 0.844 0.572 0.713

14 0.018 0.090 0.260 1.275 1.526 0.876 0.805 0.709

15 0.016 0.080 0.228 0.873 2.097 0.926 0.822 0.593

24 16 0.014 0.071 0.201 0.662 3.605 0.997 0.828 0.996

17 0.012 0.064 0.180 0.532 16.602 1.100 0.840 1.030

18 0.011 0.057 0.162 0.445 5.832 1.248 0.862 0.952

19 0.010 0.052 0.147 0.382 2.413 1.472 0.896 0.889

25 32 0.004 0.019 0.057 0.126 0.256 0.604 3.831 1.805

26 64 8.76e-04 0.005 0.015 0.034 0.064 0.109 0.176 0.287

27 128 2.18e-04 0.001 0.004 0.009 0.016 0.028 0.044 0.065

28 256 5.26e-05 3.06e-04 9.45e-04 0.002 0.004 0.007 0.011 0.017

29 512 7.41e-06 6.31e-05 2.15e-04 5.12e-04 0.001 0.002 0.003 0.004

[ 2.2:
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n 1 2 3 4 5 6 7 8

N ‖uh − u‖2 / h2

22 4 2.62 6.37 12.71 12.9 12.7 12.42 12.8 12.8

23 8 3.28 14.43 100.49 85.8 46.5 48.01 48.4 48.5

9 3.34 15.15 70.14 119.7 48.8 59.33 60.5 60.9

10 3.38 15.79 59.15 211.6 94.7 71.32 73.7 74.5

11 3.42 16.35 54.33 582.9 117.7 70.81 87.3 89.1

12 3.45 16.83 52.14 1462.9 153.9 119.47 101.9 104.7

13 3.47 17.25 51.23 390.8 208.8 142.68 96.7 120.6

14 3.49 17.60 51.03 250.0 299.1 171.74 157.8 139.0

15 3.50 17.91 51.19 196.4 471.8 208.26 185.0 133.5

24 16 3.51 18.17 51.56 169.3 922.8 255.31 212.0 254.8

17 3.52 18.40 52.04 153.7 4798.0 317.79 242.7 297.7

18 3.53 18.60 52.57 144.1 1889.6 404.37 279.3 308.5

19 3.54 18.77 53.11 137.8 871.0 531.43 323.4 321.0

25 32 3.58 19.85 58.15 128.8 262.2 617.95 3920.7 1847.3

26 64 3.59 20.35 61.43 137.8 260.3 444.26 721.5 1174.8

27 128 3.59 20.46 62.37 141.5 269.5 458.10 719.3 1067.3

28 256 3.57 20.44 62.52 142.4 272.4 464.84 731.9 1085.8

29 512 3.45 20.10 62.01 141.8 272.2 465.58 734.6 1091.8

[ 2.3:
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n 2 3 4 5 6

N κ(A)

22 4 9.91 3.16 2.58e 2.38 2.28

23 8 8.34 23.11 30.79 8.84 5.22

9 13.28 12.93 23.17 27.67 7.35

10 20.11 9.21 30.26 32.02 13.01

11 29.27 7.60 68.96 22.92 74.32

12 41.25 8.68 151.08 15.71 6804.7

13 56.58 11.80 36.26 16.42 741.39

14 75.84 15.71 21.18 20.68 89.13

15 99.64 20.53 16.81 29.62 39.34

24 16 128.67 26.38 15.97 53.65 24.07

17 163.64 33.41 15.82 261.68 17.19

18 205.30 41.77 16.07 97.47 16.68

19 254.47 51.62 16.96 48.35 20.64

20 312.01 63.14 20.67 36.35 27.15

21 378.81 76.49 24.96 31.28 39.24

22 455.82 91.86 29.90 28.78 70.55

23 544.04 109.46 35.54 27.53 271.86

25 32 2.03e+03 4.05e+02 1.30e+02 5.41e+01 4.09e+01

26 64 3.23e+04 6.40e+03 2.03e+03 8.36e+02 4.05e+02

27 128 5.17e+05 1.02e+05 3.24e+04 1.33e+04 6.41e+03

[ 2.4:
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n 2 3 4 5 6

N κ(A) / N4

22 4 0.0387 0.0123 0.0101 0.0093 0.0089

23 8 0.0020 0.0056 0.0075 0.0022 0.0013

9 0.0020 0.0020 0.0035 0.0042 0.0011

10 0.0020 0.0009 0.0030 0.0032 0.0013

11 0.0020 0.0005 0.0047 0.0016 0.0051

12 0.0020 0.0004 0.0073 0.0008 0.3282

13 0.0020 0.0004 0.0013 0.0006 0.0260

14 0.0020 0.0004 0.0006 0.0005 0.0023

15 0.0020 0.0004 0.0003 0.0006 0.0008

24 16 0.0020 0.0004 0.0002 0.0008 0.0004

17 0.0020 0.0004 0.0002 0.0031 0.0002

18 0.0020 0.0004 0.0002 0.0009 0.0002

19 0.0020 0.0004 0.0001 0.0004 0.0002

20 0.0020 0.0004 0.0001 0.0002 0.0002

21 0.0019 0.0004 0.0001 0.0002 0.0002

22 0.0019 0.0004 0.0001 0.0001 0.0003

23 0.0019 0.0004 0.0001 0.0001 0.0010

25 32 0.0019 0.0004 0.0001 5.16e-05 3.90e-05

26 64 0.0019 0.0004 0.0001 4.98e-05 2.42e-05

27 128 0.0019 0.0004 0.0001 4.94e-05 2.39e-05

[ 2.5:
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N4, )ƒ[ 2.5 � *[ 2.5 ‘KbíAÅÕ”õV, õðbW!‹u˘k£�[

Û, Ä¤‘Kb1.—Jj„�ÌjjÏÏ–�ËÓ8$íŸÄ�

Ê (P2) í½æ2, wj˙�í¦jÑ

u(x) = cos(kx) + b sin(kx), b ∈ C

7Bbj)íu¡N cos(kx) í�Ìjj� Ä¤, aO�ÏÏˇÓÛïíbMj

u´R 7/_Ôyj (¹ cos(kx) + b sin(kx), b is a constant)� BbJ

n = 4 D n = 5 Ñõðúï, à 512 _õMV·úbMj, Í(å|bMjD

cos(kx) 5ÏíÇ$, �Jhô¥<ˇÓíÏÏu´¿ÖO sine ƒb�!‹àÇ

2.1 �

%hôêÛ: Ç$× ìíš$, }�� 31
2

¸ 41
2

_U‚, ÉuPÙ�FZ

‰, Ç$…™?Ý sin(2nπx) ƒb� *Z‰ N íÇ$‰“õV, ?³�Q¡£

ýƒbí�‘�

wŸ, BbtOv|�ÏÏˇÓÛïíbMjíJƒb¶M� ¹cqbMjÑ

ƒb f(x), †wJƒb¶M o(x) Ñ

o(x) =
1

2
(f(x)− f(−x))

°šJ n = 4 ¸ n = 5 Ñõðúï, %¬bMl�, )ƒ…bíJƒb¶Mí

"úMî.�¬ 10−13, ªJeÑ 0 � 6ÿuz, �ÏÏˇÓÛïíbMj1.

Ö�£ýƒb� Ä¤, �Ìjj–�íËÓÛï1ÝÄÑR 7/_Ôyj�

Bbø[ 2.3 •})yÌ�, �J©vú.°í n M, Sv}êÞÏÏˇÓ

Ûï, 7)ƒ[ 2.6 (‹�(TÑÏÏêÞˇÓv) � I N0 uêÞÏÏˇÓví

(4˛È&�, Í(úÏÏêÞˇÓÛïví n MD N0 MúÇ, )ƒÇ 2.2 2
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Ç1-1: n = 4, N = 10
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Ç1-2: n = 4, N = 11
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Ç1-3: n = 4, N = 12
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Ç1-4: n = 4, N = 13
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Ç2-1: n = 5, N = 15
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Ç2-2: n = 5, N = 16
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Ç2-3: n = 5, N = 17
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Ç2-4: n = 5, N = 18

Ç 2.1: bMjDöj5ÏíÇ$
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n 3 4 5 6 7 8 9
N ‖uh − u‖2 / h2

22 4 12.71
23 8 100.49

9 70.14 119.7
10 59.15 211.6
11 54.33 582.9 117.7
12 52.14 1462.9 153.9
13 51.23 390.8 208.8
14 51.03 250.0 299.1
15 51.19 196.4 471.8

24 16 169.3 922.8
17 153.7 4798.0 317.79
18 1889.6 404.37
19 871.0 531.43
20 734.72
21 1108.6
22 2011.4
23 7134.3
24 5741.1
25 2219.9
26 1443.4 1286.8
27 1785.1
28 2751.4
29 5402.2
30 42531.0
31 8144.1

25 32 3920.7 1847.3
33 2669.3 2364.2
34 2072.6 3189.6
35 4708.5
36 8.40e+03
37 3.06e+04
38 2.13e+04
39 8.30e+03 2.87e+03
40 5.31e+03 3.55e+03
41 3.99e+03 4.57e+03
42 6.23e+03
43 9.46e+03
44 1.84e+04
45 1.58e+05
46 2.59e+04

[ 2.6: bMjDöjíÏÏ
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n = 4 to 12

N

Ç 2.2: bMjÏÏêÞˇÓv n D N É[5Ç$

í * �õ� J least square j¶°|ø‘|7,lùŸÖá�, à-:

N0 = 0.2749n2 + 3.0351n− 4.8173 (2.10)

Éb N > N0 , bMjíä0ÿ}£ü, Í(ÓO N íÚŸ]Ó, bMjÿ}

ÇáV¡öj�
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� 3 ı Helmholtz j˙íbMGHj¶

¥øıBbl�I�Ü Daubechies ~šƒb, ¨|Tô(í~š}jä³, Í

(�âä³íÔ�Mn�ä³ A íÔ4� YÎä³Ô4‚à–) Guass-Seidel

¶� f$íÖ½æ� (Multigrid) ¶� u	G� (Conjugate Gradient) ¶J£

–) Guass-Seidel ¸ u	G� }�º¯ Multigrid ¶�íÖ�j¶ªWbM

GH� w2, Î7f$ Multigrid ¶JÕ, ÊwFGH¶º¯ Multigrid ¶2,

BbUà7~š�²íj�±µD´Ÿ�

3.1 TôA�ƒbD~šƒb

BblÄIË7j Daubechies ~šƒb, Í(yªpTô(í~šƒb, �J

¨|Tô(í~š}jä³�

I φ(x) Å—A��� (scaling equation)

φ(x) =
∑

k

ckφ(2x− k)

u�Ì°Qí� w2, ç k /∈ {0, ..., 2p− 1} v, ck = 0 �7/ φ(x) Å—J-

í‘K
∑
k

ck = 2

∑
k

(−1)kkmck = 0, for 0 ≤ m ≤ p− 1

∑
k

ckck−2m = 2δ0m
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w2 p uø_£cb, ˚Ñ Daubechies í~šƒbí¼b�

ì2

φj,k(x) =
√

2jφ(2jx− k), j, k ∈ Z

Vj = span{φj,k(x) : k ∈ Z}

†Ê φ(x)  Aí V0 ˛È2¨Ö7Ê�Ì–Èq p ¼J-íÖá��

óúkA�ƒb φ(x), I dk = (−1)kc1−k, ˚

ψ(x) =
∑

k

dkφ(2x− k)

uø_~šƒb� °šì2

ψj,k(x) =
√

2jψ(2jx− k), j, k ∈ Z

Wj = span{ψj,k(x) : k ∈ Z}

† {ψjk}∞k=−∞ $Aø £†Õ¯, 7/

Vj = Vj−1 ⊕Wj−1

ªJ)ƒ

〈xm, ψ(x)〉 = 0, 0 ≤ m ≤ p− 1

Q-VBbì2

Φ(x) =

∫ x

−∞
φ(t)− φ(t− 1)dt

˚ Φ(x) u φ(x) íTô� BbªJÊ{£ãí�d [1] 2„p Φ(x) 6uA�

ƒb� Í(²¦|�Àíj¶V¨óúí~šƒb Ψ(x), ¹

gk = (−1)kh1−k

w2 (hk) u Φ(x) íA�[b, (gk) u Ψ(x) í~š[b� ÄÑTô(í Φ(x)

¸ Ψ(x) .yx�£>4, Ä¤´Ûb¨|Çø úX!� {Φ̃(x), Ψ̃(x)}, $A
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Â£>Í$, JZkBbÊ Vj+1 D Vj +Wj ÈT0§~š�²�

}�I (h̃k) D (g̃k) u Φ̃(x) D Ψ̃(x)íA�[bD~š[b, ªJ)ƒJ

-É[:

hk =
ck−1 + ck

2
(3.1)

h̃k = 2ck − h̃k+1 (3.2)

gk = (−1)kh̃1−k (3.3)

g̃k = (−1)kh1−k (3.4)

à¤BbZ¨|híÂ£>Í$ {Φ,Ψ, Φ̃, Ψ̃} �

‚à~š�²TÜ	d}jD¯Aíj¶, ¨|}jä³ (decomposition)

W �J x ∈ Vj+1 uø_ N &²¾ (N uXb), † W u N ×N j³,

W =


 H

G




H D G í&�Ñ N
2 ×N , }�ÑA�[b hk D~š[b gk F Aíä³

H =




h0 h1 h2 h3 · · · h2p 0 · · · 0

0 0 h0 h1 · · · h2p−1 h2p · · · 0

0 0 0 0 h0 h1 h2 · · · 0

...

h2p 0 0 0 · · · 0 h0 · · · h2p−1

...

h2 h3 · · · h2p 0 · · · 0 h0 h1
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G =




g0 g1 g2 · · · g2p−2 0 · · · 0

0 0 g0 g1 · · · g2p−2 · · · 0

0 0 0 0 g0 g1 · · · 0

...

g2p−2 0 0 0 · · · g0 · · · g2p−3

...

g2 · · · g2p−2 0 · · · 0 g0 g1




1/Å—

1

2
WW̃T = I (3.5)

¤Tí W̃ ˚Ñ¯Aä³, w$�Ñ

W̃ =


 H̃

G̃




H̃ D G̃ }�ÑúXA�[b h̃k DúX~š[b g̃k F Aíä³�

H̃ =




0 h̃0 h̃1 · · · h̃2p−2 0 · · · 0

0 0 0 h̃0 · · · h̃2p−2 · · · 0

...

h̃2p−2 0 0 · · · 0 h̃0 · · · h̃2p−3

...

h̃1 h̃2 · · · h̃2p−2 0 · · · 0 h̃0
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G̃ =




g̃1 g̃2 · · · g̃2p 0 · · · 0 g̃0

0 g̃0 g̃1 · · · g̃2p 0 · · · 0

...

g̃2p 0 0 · · · 0 g̃0 · · · g̃2p−1

...

g̃3 · · · g̃2p 0 · · · g̃0 g̃1 g̃2




3.2 ä³}j

Ê,ø�2, Bb)ƒ7~š}jä³, ÿªJø (2.8) �2íä³ A ªW}

j� Í(ªœ}j(Qä¶Míä³Dó°&�íä³ A í‘Kb�

�ƒ‡øı (P2) Õ”-í Helmholtz j˙,

(P2) u′′(x) + k2u(x) = 0, k = 2nπ, n ∈ N (3.6)

u(0) = u(1) = 1

Bb‚à Galerkin j¶øj˙�‰Ñ (2.8) �� 7Ê‡ø�2, Bb)ƒ7}

jä³ W , ÿªJ‚à~š�²TÜ	d}jD¯Aíj¶, ø (2.8) 2íä³

A ±µ

Ã = WAWT

Ä¤, Ÿ…j:j˙ Au = b ªJ�‰Ñj

Ãũ = b̃

w2, b̃ = Wb, 7 u = WT ũ �
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BbÉúä³ A døŸí}j, 1/J (3.6) �2í n = 2 ¸ n = 3 ÑW,

ªœä³ A ¸ä³ Ã í‘Kb, à-[� w2 N Ñ [0,1] –Èq�}íMb,

/Ê (P2) Õ”-, ä³ A ¸ Ã í×üZ‰Ñ (N − 1)× (N − 1) �

n = 2 n = 3

N A Ã A Ã

9 13.28 10.31 12.93 25.90

11 29.27 29.93 7.60 9.03

13 56.58 59.47 11.80 10.13

15 99.64 105.43 20.53 21.93

17 163.64 173.08 33.41 36.19

19 254.47 268.33 51.62 56.00

21 378.81 397.81 76.49 82.78

23 544.04 568.90 109.46 117.99

25 758.29 789.71 152.14 163.24

BbêÛä³ A %¬~š�²}j(, ä³‘Kb1ÌéOí‰“�

ä³ A %¬øŸí~š�²(, ªJ[ýÑ

Ã =


 U Wx

Wy W




w2, û)ää³ U , Wx, Wy, W í&�·u N−1
2 × N−1

2 � ää³ U u±

øµ(í!‹, óçkmUTÜ2Qäí¶M� Ä¤, BbòQJä³ U V°j,

1/¸ó°&�íä³ A F)íjªœ�

Ç 3.1 uJ N = 17 íä³ A (&�16) F)íj, ¸ N = 33 íä³ Ã (&

�32) íää³ U (&�16) F)íjíªœ� ªJõ|, %¬~š�²}j(
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1.5

exact
matrix A
matrix U

Ç 3.1: ‚àä³ A Dä³ U F)5jíªœ

F°)íj, ßÞ7��íÛï�

Q-V, Bbªœó°&�-íä³ A Dä³ U í‘Kb� J n = 2 ¸

n = 3 ÑW, à[ 3.1� w2, ä³í&�îÑ (N − 1)× (N − 1) ªJõƒ, Ê

ó°í&�-, s�ä³‘Kbuóçí�

3.3 ä³Ô�4”

Bbı�Uà.°íGHG¶, J°) (2.8) �2íbMj, Ä¤íln�ä³

íÔ�4M�

â‡ıªø−ä³ A uâ��ä³¸”¾ä³F Aí,

A = −S + k2M
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n = 2 n = 3

N A U A U

9 13.28 13.15 12.93 6.99

10 20.11 20.99 9.21 5.73

11 29.27 31.86 7.60 7.01

12 41.25 46.24 8.68 10.32

13 56.58 64.68 11.80 14.78

14 75.84 87.69 15.71 20.58

15 99.64 115.78 20.53 27.93

16 128.67 149.45 26.38 37.07

17 163.64 189.20 33.41 48.20

18 205.30 235.50 41.77 61.56

[ 3.1: ä³ A Dä³ U í‘Kbªœ
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w2 S u��ä³, M u”¾ä³, k = 2nπ, n ∈ N � /ÄÑ��ä³D”¾

ä³íÔ�Mú@ó°íÔ�²¾, Ä¤ä³ A íÔ�M λ̂` ªâ (2.7) R)

λ̂` = −λ` + k2λ̃`

= −λ` + k2(
1

N
− 1

6N2
λ`)

= −(1 +
k2

6N2
)λ` +

k2

N

ÄÑ

λ` =
4

h
sin2(

`π

2N
), ` = 1, 2, ..., N − 1

ªJø−

0 < λ` <
4

h
= 4N

FJ, ä³ A íÔ�M λ̂`

−(
k2

6N2
+ 1)4N +

k2

N
< λ̂` <

k2

N

⇒ k2

3N
− 4N < λ̂` <

k2

N

cà˝«á

k2

3N
− 4N > 0

⇒ k2 > 12N2

¹ª\„ä³ A íF�Ô�M λ̂` îÑ£b, °v6?\„ä³ A uúi(3

− (diagonlly dominant) � ¤v, A Ñú˚£ìä³ (SPD) , BbÿªJUà

Jacobi � Gauss-Seidel C Conjugate-Gradient �GHj¶V°j� Ou, â

(2.10) ªø, J N M.D×, bMj1.?|ƒöjíä0, )ƒíj6ÿ…Ì

<2�

Í7, JU N MD×ƒªJ|ƒöjíä0, º¢.?\„ä³ A íF�Ô�

MîÑ£b (âõð6üø, ä³ A �ŠbÔ�M) Cúi(3−, Ä¤ä³ A
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ÿ.}uú˚£ìä³, ,HíGH¶·.?\„}Y¹�

ú˚£ìä³ÖÉu,HGH¶ík}‘K, „..b, OúkBbí½æ,

ªJõc, øOzV, @vbu.bí� BbJ n = 3 ¸ n = 4 ÑW, ç N M}

�Ñ 8 ¸ 13 v, bMjªJ|ƒöjíä0� Í(}�J Jacobi ¶¸ Gauss-

Seidel ¶V°j, l�wóúÏÏ, )ƒ[ 3.2 � w2 m ÑGHŸb� BbªJ

õc, Jacobi ¸ Gauss-Seidel ·uêàí8”�

3.4 –) Gauss-Seidel GH

ä³%¬øŸ~š�²(, øŸä³}Aû)� BbUà–)í Gauss-Seidel G

H¶, n�wbMY¹í8”�

Bbøä³ A %¬øŸí~š�²(, ªJ)ƒ

Ã =


 U Wx

Wy W




kuBbZ‰Ÿ½æ

Au = b (3.7)

Ñ

Ãũ = b̃

w2 b̃ = Wb, u = WT ũ � Ou, Ã YÍuÝú˚£ìä³� Bb‚à Block

j�í Gauss-Seidel ¶, )ƒGHíä³$�Ñ


 U 0

Wy W


xk =


 0 −Wx

0 0


xk−1 + b̃ (3.8)
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n = 3 n = 4

N = 8 N = 13

m Jacobi Gauss-Seidel Jacobi Gauss-Seidel

1 0.87 1.01 0.85 1.39e+05

2 0.79 4.39 1.44 1.68e+07

3 0.81 24.66 6.11 1.27e+09

4 1.17 1.23e+02 31.43 7.74e+10

5 2.20 5.73e+02 172.48 4.19e+12

6 4.51 2.60e+03 982.55 2.11e+14

7 9.39 1.16e+04 5.72e+03 1.00e+16

8 19.62 5.15e+04 3.38e+04 4.63e+17

9 41.03 2.27e+05 2.02e+05 2.08e+19

10 85.80 9.97e+05 1.22e+06 9.16e+20

11 179.44 4.37e+06 7.36e+06 3.98e+22

12 375.25 1.91e+07 4.49e+07 1.71e+24

13 784.75 8.38e+07 2.75e+08 7.27e+25

14 1.64e+03 3.67e+08 1.69e+09 3.07e+27

15 3.43e+03 1.60e+09 1.05e+10 1.29e+29

[ 3.2: Gauss-Seidel ¶D Jacobi ¶
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number of iteration
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N=33
N=65
N=129

Ç 3.2: –) Gauss-Seidel ¶DòQ¶íóúÏÏ

¤v, ç N D×vbMju}Y¹í� [3.3 éýú.°í n M, ç N > Ñ

v, Gauss-Seidel GHíbMj}Y¹�7¦�¤v, N M˛%D×ƒªJ|ƒ

öjíä0, Ä¤bMju�<2í�

n 2 3 4 5 6 7 8 9 10 11 12

Ñ 11 17 25 33 43 55 65 77 89 103 115

[ 3.3:

Q-VBbõð n = 4 ¸ n = 5 GHjDòQbMj (A−1b) íóúÏÏ,

)ƒ[3.4 , w2 m ÑGHŸb� °vø[ 3.4 2 n = 4 í¶Mú`AÇ 3.2 �

ªJõƒ, N B×v, Y¹§�B0�
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n = 4

N 25 33 65

m

1 0.5551 0.1899 0.0333

2 0.3482 0.0365 0.0187

3 0.2385 0.0173 0.0120

4 0.1590 0.0099 0.0077

5 0.1082 0.0064 0.0050

6 0.0725 0.0040 0.0032

7 0.0492 0.0026 0.0021

8 0.0330 0.0016 0.0013

9 0.0224 0.0010 8.58e-04

10 0.0151 6.56e-04

11 0.0102

12 0.0069

13 0.0046

14 0.0031

15 0.0021

16 0.0014

17 9.63e-04

n = 5

N 33 65 129

m

1 0.7917 0.0555 0.0183

2 0.7095 0.0188 0.0117

3 0.6656 0.0112 0.0076

4 0.6196 0.0067 0.0049

5 0.5790 0.0040 0.0032

6 0.5400 0.0024 0.0021

7 0.5042 0.0015 0.0013

8 0.4705 8.69e-04 8.64e-04

9 0.4392

10 0.4099

11 0.3826

12 0.3571

13 0.3333

14 0.3111

...
...

...
...

98 9.49e-04

[ 3.4: –) Gauss-Seidel ¶DòQ¶íóúÏÏ
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3.5 f$Ö½æ�¶ (Multigrid Method)

Uà Galerkin j¶°j Helmholtz j˙v, Jø–È~’)B� (<¹ N M

B×), F)ƒíjÿBQ¡öj� Ouà¤øV, Bbÿ�ø_×&�íä³«

�� ÊbMGHí°j¬˙2, çä³&�œ×v, %¬øŸŸíGH, ¾àíÏ

Ïu˘kœòäí¶M� Multigrid j¶ÿuÑ7Ó‹bMl�Y¹í§�, Ê

GHí¬˙2N¬°jQ&�íÍ$j˙�, J‚0§¾àœQäíÏÏ� ñ‡

Ö½æ�¶˛\'ìu×�«�GH¶2, °jí|7‹§Y¹¶�

‡Þ{%T¬, Ê°j (3.7) �v, Bb.?\„ä³ A Ñú˚£ìä³, r

ÖíGH¶·.?Uà, kuZ‰½æÑj

Tu = f

w2 T = ATA, f = AT b � ¤v, ÿ?\„ä³ T uú˚£ìä³� Í(B

bÿªJUà�¦í Jacobi Cu Gauss-Seidel ¶º¯ Multigrid j¶, ªW

bMíGH� Ouà¤øV, ä³‘Kbÿ}‰AŸVí�j, 	àGHíY¹§

�, ÊJ(í[�2·ªJõƒ�

ílì2(4q��ä Ih
2h, ªøbMâÄæ�²¾�Ñ�æ�²¾:

Ih
2hv

2h = vh

w2

vh
2j = v2h

j

vh
2j+1 =

1

2
(v2h

j + v2h
j+1)
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ªŸAä³$�:

Ih
2hv

2h =
1

2




1

2

1 1

2

1 1

2

1







v1

v2

v3




2h

=




v1

v2

v3

v4

v5

v6

v7




h

= vh

°šªJì2â�æ��ÑÄæ�²¾í�ä I2h
h :

I2h
h vh =

1

4




1 2 1

1 2 1

1 2 1







v1

v2

v3

v4

v5

v6

v7




h

=




v1

v2

v3




2h

= v2h

à¤øV, BbÿªJøGHíbMÊÄ�æ�ÈL<�²�

ílUà Gauss-Seidel C Jacobi ¶GH 3 Ÿ( (xk)l�{¾ r (residue),

Í(�²ÑQ&� (Äæ�) bM°j(, y�²�ò&� (�æ�), ZG7Q
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äíÏÏ(, y./-øŸíGH�

r = f − Txk

r1 = I2h
h r

A1e1 = r1

e = Ih
2he1

xk+1 = xk + e

w2 A1 ÑŸVä³ A &�íøš�

[ 3.5 uJ n = 4 ÑW, Uà Gauss-Seidel º¯ Multigrid ¶, F)ƒí

GHbMjDòQbMj (A−1b) íóúÏÏ, w2 m ÑGHŸb�

3.6 –) Multigrid j¶

‡Þ{%T¬, Ê°j (3.7) �v, Bb.?\„ä³ A Ñú˚£ìä³, Ä¤

øOíGH¶·.?\„bMjøìY¹� OuÊ 3.4 �2êÛ, Jøä³~š

�²(yUà–)í Gauss-Seidel GH, ÿªJU)bMY¹, ñøíÌ„u

N > Ñ , 7¤Ì„‘K1.	à[Û Helmholtz j˙íöj� Ä¤, BbSà

–) Gauss-Seidel GHº¯ Multigrid j¶� Ê…�2JÌÔ�;p, FTƒ

í Gauss-Seidel GH·uN–) Gauss-Seidel GH�

Ê Multigird j¶2, Ûb°jQ&�íä³, BbUàíuøŸä³ A d

~š�²(íQä¶M, 6ÿu

Ã =


 U Wx

Wy W
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n = 4

N

m 32 64 128

1 0.3977 0.4994 0.4975

2 0.2682 0.2702 0.2553

3 0.1914 0.1516 0.1340

4 0.1414 0.0883 0.0744

5 0.1082 0.0538 0.0462

6 0.0859 0.0352 0.0333

7 0.0705 0.0250 0.0268

8 0.0593 0.0194 0.0227

9 0.0509 0.0160 0.0197

10 0.0442 0.0137 0.0172
...

...
...

...

31
... 8.98e-04 9.83e-04

40 9.92e-04

[ 3.5: f$ Multigrid ¶DòQ¶íóúÏÏ
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2íä³ U �7ÄÑ~š�²ä³ W í&�.ÑXbíÉ[, ¥³BbÉ?d

N uJb8”�

ílªWøŸ–) Gauss-Seidel GH, bMj xk ª}AQä xk
1 Dòä xk

2

s¶M, â (3.8) �ª)ƒ:

xk
1 = U−1[b̃1 −Wxx

k−1
2 ] (3.9)

xk
2 = W−1[b̃2 −Wyx

k
1] (3.10)

Í(É°Qä¶Mí{¾ (residue),

r = b̃1 − Uxk
1 −Wyx

k
2

°jQ&�ä³

Ue = r

)ƒhíQäbMj x1 = xk
1+e,7òä¶MEÑ x2 = xk

2, yªW�ùŸGH�

BbêÛUà–) Gauss-Seidel íGHj�, Multigrid ¶u��ÌŠí�

ÄÑ Gauss-Seidel íhQä¶M (xk
1) l�Ûb‡Ÿíòä (xk−1

2 ); hòä

¶M (xk
2) l�ÉÛbhQä (xk

1), 7 Multigrid ¶ZGíºuQä¶MíÏ

Ï (¡c (3.9) �D (3.10) �)� Ä¤, øïbMªW�ùŸGH, ‡ŸªWí

Multigrid ¶í¶Mÿ$°™q�

J n = 4, N = 25 ÑW, ªœsŸGHí–) Gauss-Seidel ¶¸ Multi-

grid ¶íóúÏÏ, )ƒ[ 3.6 � ¬h Multigrid ¶ís�ÏÏ}�H[dê

Gauss-Seidel (¸ dê Multigrid ¶(íóúÏÏ� BbªJõƒ, �øŸd

ê Gauss-Seidel GH(, yªWQä¶MíZG, ªJ)ƒ.˜í!‹ (ÏÏ±

Q7øš)� Ouøïªp�ùŸGH, l‡íß!‹êr».,àÒ� â,[ª
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n = 4, N = 25

m –) Gauss-Seidel –) Multigrid

1
0.5433 0.5433

0.2891

2
0.3417 0.3417

0.1993

[ 3.6:

Jõ|, Éd Gauss-Seidel GH 2 ŸíÏÏD{d¬øŸ Multigrid ¶yª

W Gauss-Seidel GHíÏÏ!‹êrøš�

JBbZJ–) Jacobi ¶H� Gauss-Seidel ¶, )ƒGHíä³$�Ñ:

 U 0

0 W


xk =


 0 −Wx

−Wy 0


xk−1 + b̃

bMj xk øšª}AQä xk
1 Dòä xk

2 s¶M:

xk
1 = U−1[b̃1 −Wxx

k−1
2 ]

xk
2 = W−1[b̃2 −Wyx

k−1
1 ]

ÄÑhòä (xk
2) l�ÛbHQä (xk−1

1 ), ªé Multigrid ¶ZG(íQä»

,àÒ, .}é Multigrid ¶Ü ^à� Ouà¤øV, F)í!‹ºDÀÓÉ

à Gauss-Seidel ¶êrøš� ÄÑâ (3.9) �ªR|, xk
1 = xk−1

1 + e � 6ÿu

z, ©døŸ Multigrid j¶, ÿóçkQäí¶Md7øŸ Gauss-Seidel G

H� Ä¤, Jacobi ¶º¯ Multigrid j¶ÖªJ�^Ë‹§Y¹, Ouº.¬É

uD Gauss-Seidel !‹øš�
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3.7 u	G�¶ (Conjugate Gradient Method)

5?-�$�|ü“ (minimization) ½æíbMj

Minf(η), η ∈ R
N

w2 f : R
N → R uùŸƒb�j¥_½æí™Äj¶u�ø_�áM, Í(â

GHt�²‡)ƒø_Zªí¡NM:

xk+1 = xk + αkd
k, for k = 0, 1, 2, ...

²¾ dk [ý½Øj² (search direction), Ó¾ αk > 0 ²ìÊ¥_j²,Û

bÖ×í¥� (step length) �²Ï¥� αk U)

f(xk + αkd
k) = minf(xk + αdk)

ªJéƒbÊñ‡íj²,)ƒ|×í±QÏÏ� u	G�¶¦‡Ÿj²í ¯

)ƒyV¡|7Míhj²,

dk+1 = −rk+1 + βkd
k

w2 rk = ∇f(xk) � FJ, h½Øj²ÑhíŠG�M‹,‡Ÿ½Øj²,

[b βk � ÄÑb°MŸ½Øj²Ñu	É[, ª)ƒ

βk =
< rk+1, dk >

< dk, dk >

@àu	G�¶j|ü“£ìùŸƒb (positive definite quadratic fun-

tion), ™Ä$�Ñ

f(η) =
1

2
η · Aη − b · η
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w2 η ¸ b u N _jÖíW²¾, 7 A u N ×N íú˚£ìä³� f(η) í

|üMøU f(η) íG�ÑÉ�7G�ªJâòQ�}/q°):

∇f(η) = Aη − b = 0

FJ° f(η) í|üMÿ�kj(4:j˙�Í$

Aη = b

kuBbÿªJ‚à¤j¶Vj (3.7) ��

°šË, ÄÑ.?\„ä³ A u SPD , Ä¤´uÛbZ‰½æÑ:

Tu = f

w2 T = ATA, f = AT b � BbEJ n = 4 ÑW, Uàu	G�¶°)íbM

jDòQjíóúÏÏ, )ƒ[ 3.7 , w2 m ÑGHŸb�

ø[ 3.7 ú`AÇ$, àÇ 3.3 � ªJõcu	G�¶Ô�íY¹8$�

kl� x = T−1f , l#8�á‘K:

x0 = 0, r0 = d0 = f, d−1 = 0

Í(ÇáªWbŸGH:

αk =
< rk, dk >

< dk, Tdk >

xk+1 = xk + αkdk

rk+1 = rk − αkTdk

dk+1 = Tdk −
< Tdk, Tdk >

< dk, Tdk >
dk −

< Tdk, Tdk−1 >

< dk−1, Tdk−1 >
dk−1
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n = 4

N

m 25 33 65 129

1 0.9170 0.9310 0.9640 0.9819

2 0.8956 0.9182 0.9595 0.9799

3 0.8719 0.9051 0.9555 0.9782

4 0.8461 0.8912 0.9517 0.9767

5 0.8194 0.8765 0.9481 0.9752

6 0.7924 0.8608 0.9445 0.9739

7 0.7595 0.8442 0.9410 0.9726

8 0.5963 0.8270 0.9375 0.9714

9 0.4752 0.8092 0.9340 0.9702

10 0.4184 0.7880 0.9305 0.9691

11 0.2578 0.7410 0.9270 0.9680

12 1.01e-09
...

...
...

16 1.78e-05
...

...

50 5.62e-04
...

178 3.96e-04

[ 3.7: Conjugate Gradient ¶DòQ¶íóúÏÏ
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Ç 3.3: Conjugate Gradient ¶DòQ¶íóúÏÏ

3.8 C.G. Multigrid ¶

BbUàu	G�¶º¯ Multigrid j¶, ı�‹0bMY¹í§��

Ê Multigrid ¶í¶M, BbUà~š�²øbM}jÑQäDòäs¶M,

%¬Qä¶Mí°j(, Êòä¶M^Éy�²�V� â (3.5) �ªø, BbÌÛ

l�~š�²ä³í¥ä³�ílUàu	G�¶GH 2 Ÿ( (xk), l�{¾ r

(residue)� Í(�²ÑQ&� (Qä) bM°j(, y�²�ŸVíò&�, ZG
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Ç 3.4: C.G. Multigrid ¶DòQ¶íóúÏÏ

7QäíÏÏ(, y./-øŸíGH�

r = b−Axk

r̃ = Wr

Ue1 = r1

e =
1

2
W̃T ẽ

xk+1 = xk + e

w2 r1 Ñ r̃ í,š¶, 6ÿQäí¶M; 7 ẽ ,š¶Ñ e1, -š¶^É�

°šJ n = 4 ÑW, l� C.G. Multigrid ¶DòQbM¶íóúÏÏ, à

[ 3.8 � yø[ 3.8 ú`AÇ 3.4 � ªœÇ 3.3 ¸Ç 3.4 , ªJõƒ, Multigrid

U)u	G�¶Ü ”òQ¶”íÔH, 7öíAÑGH¶�
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n = 4

N

m 25 33 65 129

1 0.5589 0.4933 0.4899 0.5263

2 0.2045 0.2093 0.2521 0.4085

3 0.1171 0.0959 0.1562 0.3970

4 0.0714 0.0474 0.1210 0.3876

5 0.0488 0.0262 0.1035 0.3647

6 0.0372 0.0169 0.0896 0.3355

7 0.0307 0.0126 0.0785 0.3083

8 0.0264 0.0103 0.0690 0.2826

9 0.0229 0.0089 0.0607 0.2588

10 0.0200 0.0077 0.0534 0.2368

25
... 9.98e-04

...
...

34 9.65e-04
...

...

42 8.83e-04
...

72 9.23e-04

[ 3.8: C.G. Multigrid ¶DòQ¶íóúÏÏ
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� 4 ı !�

Bb‚àf$í}Ò(4�Ìjø Helmholtz j˙ u′′(x) + k2u(x) = −f(x)

�‰Ñ(4:j˙� Au = b (, �âRû��ä³D”¾ä³íÔ�M¸Ô

�²¾, j„7ä³‘KbíÓÅÕ”� °vBb6êÛ, ÓOæ���íÓ‹,

ä³ A BQ¡ singular, AÑ Helmholtz j˙˚ØíVÄ�

Bb¨|Tô(í~šƒbDw DWT }jä³(, øä³ A }j� @àÊ

–) Gauss-Seidel � –) Multigrid ¸ C.G. Multigrid ���.°íGH

¶� °v6õð7f$í Multigrid ¶¸u	G�¶�

BbêÛ, –) Gauss-Seidel íGH¶wõ¿ÖO Multigrid j¶, Ä¤

…Êò&�íY¹8$œwFíGH¶Gß� J–) Gauss-Seidel ¶°v@à

Multigrid ¶, }êÛ Multigrid ¶u��ÌŠí�

ÄÑøOíGH¶1.øìû_bMY¹, FJBbZ‰½æÑ

ATAu = AT b

Ouà¤øVÿ	à7ä³‘Kb, U)f$í Multigrid ¶Y¹8$.à–)

Gauss-Seidel ¶�7u	G�¶íbMY¹8$ÊQ&�v[Û.˜, ò&�v

íY¹8$§ƒl�ÏÏ	à, Y¹îM� Jøu	G�¶°vº¯ Multigrid

¶, Êò&�†�.˜íZ¾�
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,!7k, úÝú˚£ìä³Vz, –) Gauss-Seidel GH¶íY¹8$u

|ßí, 7 C.G. Multigrid ¶wŸ� OuÎ7˛ø–) Gauss-Seidel ¶¿Ö

O Multigrid j¶ÕþiÜ�!��
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